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Abstract
We compute the asymptotic dimension of the rationals given with an invariant proper metric. We
also show that a countable torsion Abelian group taken with an invariant proper metric has asymptotic
dimension zero.
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1. Introduction
Gromov introduced the notion of asymptotic dimension as an invariant of finitely gener-
ated discrete groups [6]. This invariant was studied in numerous papers, including [1–4,7].
The notion of asymptotic dimension can be extended to the class of all countable groups
and most of the results for finitely generated groups are valid for countable groups [5].
To define asymptotic dimension for a general countable group one should consider a left-
invariant proper metric on it. It turns out that such metrics always exist and any two such
metrics on a group Γ are coarsely equivalent, i.e., they lead to the same number asdimΓ .
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Even for very familiar infinitely generated countable groups, like the group of ratio-
nals Q, an invariant proper metric turns them into a quite complicated geometrical object.
To give an idea, we notice that an invariant metric on Z[ 12 ] ⊂ Q can be induced from
the metric graph obtained by gluing together infinitely many isosceles triangles with sides
2n − 2n − 2n−1, n ∈ N, by the following rule. First we glue triangles with sides 2-2-1 to all
intervals [n,n+1] ⊂ R, n ∈ Z and mark their free vertices by the averages of the endpoints,
2n+1
2 (see Fig. 1).
Then to every edge of length 2 we glue a triangle with sides 4-4-2 and mark its free
vertex by the average of the base and so on. Then Z[ 12 ] is identified with the set of vertices
of this graph.
The corresponding picture for Q is more complicated. Nevertheless, in Section 3 we
compute that asdim Q = 1. In particular, asdim Z[ 12 ] = 1.
In the case of finitely generated groups, if asdimΓ = 0, then the group Γ is finite. This
is not true for countable groups. In Section 2 of the paper we give a criterion for a group to
have asymptotic dimension 0. As a corollary we obtain that all torsion countable Abelian
groups have asymptotic dimension 0.
In Section 4 we show that the asymptotic dimension of the rationals taken with the p-
adic norm is zero. Since the p-adic norm is not proper on Q this cannot be done by the
criterion of Section 2.
1.1. Preliminaries
The asymptotic dimension is defined for metric spaces.
Definition. [6] We say that a metric space X has asymptotic dimension  n if, for every
d > 0, there is an R and n + 1 d-disjoint, R-bounded families U0,U1, . . . ,Un of subsets of
X such that
⋃Ui is a cover of X.
We say that a family U of subsets of X is R-bounded if sup{diamU | U ∈ U}  R.
Also, U is said to be d-disjoint if d(x, y) > d whenever x ∈ U , y ∈ V , U ∈ U , V ∈ U , and
U = V .
The notion asdim is a coarse invariant (see [8]).
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such that d(f (x), f (y)) < S whenever d(x, y) < R, then we say that f is bornologous. If
the preimage of each bounded subset of Y is a bounded subset of X, then we say that f is
metrically proper. A map is said to be coarse if it is both metrically proper and bornolo-
gous. Also, given two maps f,f ′ :X → Y , where X is a set and Y is a metric space, then
we say that f and f ′ are close if supx∈X d(f (x), f ′(x)) < ∞. We say that a metric space
(X,d) is proper if closed, bounded sets are compact. We will call a metric d on X proper
if (X,d) is proper.
Definition. [8] Suppose f :X → Y is a coarse map between metric spaces. f is a coarse
equivalence if there is a coarse map g :Y → X such that f ◦ g is close to the identity
function on Y and g ◦ f is close to the identity function on X.
Let G be a group. A map ‖ · ‖ :G → [0,∞) is said to be a norm on G if ‖x‖ = 0
if and only if x = 1G, ‖x−1‖ = ‖x‖ for all x ∈ G, and ‖xy‖  ‖x‖ + ‖y‖ for all
x, y ∈ G.
Given a norm ‖ · ‖ on G, define d :G × G → [0,∞) by d(x, y) = ‖x−1y‖, where
x, y ∈ G. It is easy to verify that d is a left-invariant metric. We say that a norm on G
is proper if it has the property that for each R > 0, there are only finitely many x ∈ G
such that ‖x‖ R. Then d will induce the discrete topology on Γ and d will be a proper
metric.
Let G be a finitely generated group with finite generating set S. We define ‖x‖ = inf{n |
x = γ1γ2 · · ·γn, γi ∈ S ∪ S−1}. This can be shown to be a proper norm on the group G.
The left-invariant, proper metric induced by this norm is known as the word metric on G
associated with S.
Since the word metrics associated with any two finite generating sets of a finitely gen-
erated group are coarsely equivalent (even quasi-isometric), the asymptotic dimension is a
group invariant. Below we show that every countable group admits a left-invariant proper
metric. In view of Proposition 1, one can extend the invariant asdim to all countable groups
(not necessarily finitely generated).
For countable groups, note that a left-invariant, proper metric induces the discrete topol-
ogy. To see this, observe that for a proper metric, the group with this metric is complete.
To get a contradiction, suppose that there are no isolated points; then, as a consequence of
the Baire category theorem, the group is not countable, a contradiction. Thus, the group
contains an isolated point. As the metric is left-invariant, left multiplication by a fixed el-
ement is an isometry and hence a homeomorphism. This implies that every point in the
group is isolated, so that the metric induces the discrete topology. Thus, we have that a
left-invariant metric on a countable group is proper if and only if each bounded set is fi-
nite.
Proposition 1. For a countable group, any two left-invariant, proper metrics are coarsely
equivalent.
Proof. Let G be a group with left-invariant, proper metrics d and d ′. First, we show
id : (X,d) → (X,d ′) is bornologous. Let R > 0 be given. Let B(R,d) = {g ∈ G | d(g,1)
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B(S,d ′). So if d(x, y)  R, then d(1, x−1y)  R since d is left-invariant. Thus, x−1y ∈
B(R,d), and so x−1y ∈ B(S,d ′), or d ′(1, x−1y) S. Hence d ′(x, y) S. So id is bornol-
ogous. By a similar argument, id−1 is bornologous. This shows that id and id−1 are proper.
So id is a coarse equivalence. 
Definition. Let Γ be a countable group. Let S be a generating set (possibly infinite) for Γ .
A weight function w :S → [0,∞) on S is a function such that the following properties
hold:
(1) if w(s) = 0, then 1Γ ∈ S and s = 1Γ ,
(2) w(s) = w(s−1) whenever s, s−1 ∈ S, and
(3) for each N ∈ N, w−1[0,N] is a finite set.
The third property says that w is a proper map, where Γ has the discrete topology. Also,
this property can essentially be viewed as the requirement that limw = ∞.
It is not hard to see that for any countable group Γ , there is a weight function.
In fact, for any generating set S, there is a weight function with domain S. Also, a
weight function w :S → [0,∞) can be extended to a weight function on S ∪ S−1 (or
S ∪ S−1 ∪ 1Γ ).
Theorem 1. A weight function on the countable group Γ induces a proper norm ‖ · ‖, and
so a weight function induces a left-invariant, proper metric d .
Proof. Given a weight function w :S → [0,∞), where S is a generating set for the count-
able group Γ , define ‖x‖ = inf{∑ni=1 w(si) | x = sε11 sε22 · · · sεnn , si ∈ S, εi ∈ {±1}}. Note
that if we view 1Γ as an empty product, ‖1Γ ‖ = 0. The proof that ‖ · ‖ is a norm is left to
the reader.
Let R > 0 be given. Let r be a nonzero value that the weight function assumes
(otherwise, the weight function is always zero, in which case Γ is trivial, and so the
theorem holds). So {s ∈ S | 0 < w(s)  r} is nonempty and finite by definition. Thus,
there is a t ∈ S such that w(t) = min{w(s) | s ∈ S, 0 < w(s)  r}. It is immediate that
0 < w(t)  w(s) for all s ∈ S \ 1Γ . Now, suppose x is such that ‖x‖  R and x = 1Γ .
Then ‖x‖ < R + 1. So there are s1, s2, . . . , sn ∈ S, and ε1, ε2, . . . , εn ∈ {±1} such that
x = sε11 sε22 · · · sεnn and
∑n
i=1 w(si) < R + 1. Further, we may assume that si = 1Γ for
each i. Thus, si ∈ {s ∈ S | w(s)  R + 1} for all i. Also, R + 1 >∑ni=1 w(si)  nw(t),
so that n < (R + 1)/w(t). Thus, x is an element of {tδ11 tδ22 · · · tδmm | ti ∈ S \ 1Γ , w(ti) 
R + 1, δi ∈ {±1}, m < (R + 1)/w(t)}, a finite set. This shows that {x | ‖x‖  R} is fi-
nite. 
Note that the infimum in the definition of ‖x‖ is actually a minimum. To see this, simply
modify the argument in the last paragraph to show that the set of elements of {∑ni=1 w(si) |
x = sε1sε2 · · · sεnn , si ∈ S, εi ∈ {±1}} less than ‖x‖ + 1 is a finite set.1 2
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The following theorem gives a necessary and sufficient condition for a countable group
to have asymptotic dimension zero. This condition relies only on the algebraic structure of
the group.
Theorem 2. Let G be a countable group. Then asdimG = 0 if and only if every finitely
generated subgroup of G is finite.
Proof. Let w :G → [0,∞) be a weight function on the generating set G. Let ‖ · ‖ and d
be the induced norm and metric, respectively.
First suppose that asdimG = 0. Let T ⊂ G be a finite set. Take d > maxg∈T ‖g‖. As
asdimG = 0, there is a d-disjoint, uniformly bounded cover U of G. Choose U ∈ U with
1 ∈ U . We will show that 〈T 〉 ⊂ U . To do this, we will show by induction that every product
of k (k  0) elements of T ∪ T −1 lies in U . This is true for k = 0, as 1 ∈ U . Now suppose
it is true for k − 1, k  1. Consider x = tε11 tε22 · · · tεkk , where ti ∈ T and εi ∈ {±1}. Set y =
t
ε1
1 t
ε2
2 · · · tεk−1k−1 . By the induction assumption, y ∈ U . Since d(y, x) = ‖y−1x‖ = ‖tεkk ‖ =‖tk‖ < d , and because U is a d-disjoint cover, we must have x ∈ U . Thus, each product of
k elements of T ∪ T −1 lies in U . Therefore, 〈T 〉 ⊂ U . As U is uniformly bounded, U is
bounded, and so U and 〈T 〉 are finite.
Conversely, suppose every finitely generated subgroup of G is finite. Let d > 0 be given.
Define T = {s ∈ G | w(s) < d} and H = 〈T 〉. By definition of weight function, T is finite.
By our assumption, H is finite as well. Let U = {gH | g ∈ G} be the collection of left
cosets. So U is a uniformly bounded cover, as multiplication on the left by a fixed element
is an isometry of G. Further, suppose gH = hH . Let x ∈ gH and y ∈ hH . It follows that
y−1x /∈ H . Hence y−1x cannot be written as a product of elements of T ∪ T −1. So if we
take si ∈ G such that y−1x = s1s2 · · · sn and ‖y−1x‖ = ∑w(si), then there is a j such
that sj /∈ T . Hence w(sj ) d , and so d(y, x) = ‖y−1x‖ d . Therefore U is a d-disjoint,
uniformly bounded cover. Since d > 0 was arbitrary, asdimG = 0. This completes the
proof. 
The following corollaries are immediate consequences.
Corollary 1. Let G be a finitely generated group. Then asdimG = 0 iff G is a finite group.
Corollary 2. Let G be a countable Abelian group. Then asdimG = 0 if and only if G is
a torsion group.
Remark. The last corollary shows that
⊕
i Zmi , Q/Z, and Zp∞ = lim→ Zpk all have as-
ymptotic dimension 0.
The next theorem states that the epimorphic image of a zero-dimensional countable
group is zero-dimensional. This is not true for one-dimensional groups. Moreover, every
countable group is an epimorphic image of a free group which is one-dimensional.
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asdimH = 0.
Proof. We will show that every finitely generated subgroup of H is finite. Let T be a
finite subset of H . Since φ is an epimorphism, for each t ∈ T we can find a gt ∈ G for
which φ(gt ) = t . Let S = {gt | t ∈ T }. As S is finite, and since asdimG = 0, we have that
〈S〉 is finite by the theorem. Thus, 〈T 〉 = 〈φ(S)〉 = φ(〈S〉) is a finite set. By the theorem,
asdimH = 0. 
3. Asymptotic dimension of the rationals
We will now show that asdim Q = 1. Once more we note that we are not computing the
dimension of Q with the Euclidean metric here, but rather with a proper, invariant metric.
Theorem 4. asdim Q = 1.
Proof. First, we will show that asdim Q ∩ [0,1) = 0. We will then use this to prove the
result.
On Q, define ‖m/n‖Q = |m/n| + ln(n) when m and n are relatively prime integers and
n is positive (when m and n have these properties, we will say that m/n is in standard
form). Here | · | denotes the usual absolute value. It is easy to show that ‖ · ‖Q is a proper
norm on Q. This norm induces a metric dQ in the usual way. Also, it is not hard to show
that, on Q ∩ (−1,1), lnn ‖m/n‖Q  3 lnn whenever m/n is in standard form.
Let Γ = Q/Z and let p : Q → Γ be the projection map. Then p is a surjective homo-
morphism and kerp = Z. As the topology induced by ‖ · ‖Q is discrete, Z is closed in Q.
Thus, this norm induces a norm on Q/Z, given by
‖x‖ = inf{‖x + m′‖Q | m′ ∈ Z}.
This is a proper norm and hence its associated metric d will be an invariant, proper metric
on Q/Z.
Define i : Q/Z → Q∩[0,1) as follows: For r ∈ Q, there is a unique r ′ ∈ Q∩[0,1) such
that r = r ′; set i(r) = r ′. It is easy to see that i = p|−1Q∩[0,1).
We will show that i is a coarse equivalence. First, ‖p(r)‖ = ‖r‖  ‖r‖Q, so p and
hence p|Q∩[0,1) is bornologous. Further, suppose mn ∈ Q ∩ (−1,1) is in standard form. For
m′ ∈ Z, we know that gcd(m + nm′, n) = 1. Thus,∥∥∥∥mn + m′
∥∥∥∥Q =
∥∥∥∥m + nm
′
n
∥∥∥∥Q =
∣∣∣∣mn + m′
∣∣∣∣+ ln(n) ln(n).
Also, since −1 < m
n
< 1, we have that ln(n) 13‖mn ‖Q. Hence∥∥∥∥mn
∥∥∥∥= inf
{∥∥∥∥mn + m′
∥∥∥∥ | m′ ∈ Z
}
 ln(n) 1
3
∥∥∥∥mn
∥∥∥∥ .Q Q
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Q ∩ [0,1), we have s − r ∈ Q ∩ (−1,1) and so
dQ
(
i(r), i(s)
)= ∥∥−i(r) + i(s)∥∥Q = ‖s − r‖Q  3‖s − r‖ = 3‖s − r‖ = 3d(r, s).
Since for each r ∈ Q, there is a r ′ ∈ Q ∩ [0,1) such that r = r ′, we have that
dQ(i(r), i(s))  3d(r, s) for r, s ∈ Q. Thus, i is bornologous. As p|Q∩[0,1) and i are in-
verses, each is proper and i is a coarse equivalence of Q/Z and Q ∩ [0,1). By Corollary 2,
asdim Q ∩ [0,1) = asdim Q/Z = 0.
We will now complete the proof that asdim Q = 1. Let d > 0 be given. Since {x ∈ Q |
‖x‖Q  d} is a finite set, there is an R ∈ Z+ such that ‖x‖Q  d implies |x| < R. For
n ∈ Z, define An = Q ∩ [nR, (n + 1)R). Notice asdimA0 = 0 by the finite union theorem
of [1]. So there is a d-disjoint, S-bounded covering {A0,k | k = 1,2, . . .} of A0. Since
the map x → x + nR (n fixed) is an isometry [0,R] → [nR, (n + 1)R], the covering
{An,k | k = 1,2, . . .} of An, where An,k = nR + A0,k , is d-disjoint and S-bounded.
Let
U0 = {An,k | n even, k = 1,2, . . .} and U1 = {An,k | n odd, k = 1,2, . . .}.
Note that U0 ∪ U1 is a cover of Q, and U0 and U1 are both S-bounded. We will now
show that U0 is d-disjoint. Consider An,k and An′,k′ , where (n, k) = (n′, k′) and n,n′ are
even. Suppose first that n = n′. Without loss of generality, take n < n′. Let x ∈ An,k and
y ∈ An′,k′ . Then since An,k ⊂ An and An′,k′ ⊂ An′ , we have nR  x < (n + 1)R and
n′R  y < (n′ + 1)R, and so y − x  (n′ − n − 1)R  R. Hence |y − x|R. But by our
choice of R, this implies ‖y − x‖Q > d . Now we will consider the case when n = n′. This
forces k = k′. By our construction of the An,k , An,k and An′,k′ = An,k′ are d-disjoint.
Similarly, U1 is a d-disjoint family. Since d > 0 was arbitrary, asdim Q  1. Fi-
nally, since dQ restricts to the Euclidean metric on Z, we have asdim Q  1. Therefore,
asdim Q = 1. 
4. Asymptotic dimension of the rationals with p-adic norm
We will now consider Q with the p-adic norm ‖ · ‖p . Namely, if m = pam′ and
n = pbn′, where p divides neither m′ nor n′, then∥∥∥∥mn
∥∥∥∥
p
= pb−a = 1
pa−b
.
Let dp denote the metric obtained from this norm. Unlike the previous examples, Q with
the metric dp is not proper. To differentiate the dimension with respect to this metric from
the one in Theorem 4, we will always write asdim(Q, dp).
Theorem 5. asdim(Q, dp) = 0.
Proof. Set L = { m
pa
| a ∈ N, m ∈ Z} and X = L ∩ [0,1).
We will now show that N1(X) = Q, where N1(X) = {y ∈ Q | dp(y,X) 1}. Suppose
r ∈ Q. If r = 0, then r ∈ X ⊂ N1(X). Now suppose r = 0. Then there are m′, n′ ∈ Z \ 0
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n′ . So m
′ = pam and n′ = pbn for some a, b ∈ N and m,n ∈ Z \ 0 such that
p divides neither m nor n. Thus, m′
n′ = pa−b mn . First consider the case when a  b. Then
‖m′
n′ ‖p = 1pa−b  1. So r = m
′
n′ ∈ N1(0) ⊂ N1(X). Now suppose a < b. Set c = b − a, so
m′
n′ = mpcn . Since gcd(n,pc) = 1, n ∈ Zpc is a generator. Hence there exists an  such that
0  < pc and m = n. Therefore, pc|m − n. Now take d  0 such that pd |m − n yet
pd+1 does not divide m − n. So d  c. Thus,∥∥∥∥m
′
n′
− 
pc
∥∥∥∥
p
=
∥∥∥∥ mpcn −

pc
∥∥∥∥
p
=
∥∥∥∥m − nnpc
∥∥∥∥
p
= 1
pd−c
 1.
As 
pc
∈ X, r = m′
n′ ∈ N1(X). Therefore, Q = N1(X).
This means that the inclusion X ↪→ Q is a coarse equivalence (see [8]), where X has
the restricted metric dp . Thus, asdim(X,dp) = asdim(Q, dp). Let ‖ · ‖Q be the norm from
Theorem 4, and we consider its restriction to X′ = L ∩ (−1,1). Let r ∈ X′ \ 0. So r = m
pa
for some a  0 and m ∈ Z \ 0 such that gcd(m,pa) = 1. Since m
pa
is in standard form and
m
pa
∈ (−1,1), we have
ln (pa)
∥∥∥∥ mpa
∥∥∥∥Q  3 ln(p
a).
Also, since −1 < m
pa
< 1, it follows that p does not divide m, and so pa = ‖ m
pa
‖p . Thus,
ln(‖r‖p) ‖r‖Q  3 ln(‖r‖p). For x, y ∈ X such that x = y, we have y − x ∈ X′ \ 0, and
so
ln
(
dp(x, y)
)
 dQ(x, y) 3 ln
(
dp(x, y)
)
.
From this it is immediate that id : (X,dQ) → (X,dp) and its inverse are bornologous, and
so they are coarse equivalences as well. From the results of Theorem 4, asdim(X,dp) =
asdim(X,dQ) asdim(Q ∩ [0,1), dQ) = 0. Thus, asdim (Q, dp) = 0. 
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